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Small world graphs by iterated local edge formation
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We study graphs obtained by successive creation and destruction of edges into small neighborhoods of the
vertices. Starting with a circle graph of large diameter we obtain small world graphs with logarithmic diameter,
high clustering coefficients, and a fat tail distribution for the degree. Only local edge formation processes are
involved and no preferential attachment was used. Furthermore, we found an interesting phase transition with
respect to the initial conditions.
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I. INTRODUCTION formation processes we introduce in the present paper a

In 1998 Watts and Strogatz introduced in a seminal papeftodel that is entirely based on local search rules and admits
small world networks and provided a simple model of such@ll the three above mentioned properties. The results are
graphs[1,2]. The key property of small world graphs is the Mainly based on numerical simulations.
simultaneous presence of small diame@r most logarith-
mic in the vertex sizeand high clustering coefficient. Exten- || THE ITERATED “MY FRIENDS ARE YOUR FRIENDS”
sive investigations over the last decade of real networks like PRINCIPLE
the World Wide Web, citation networks, friendship networks,
and many others have shown that these graphs are really of Looking at the edge formation process in social networks
small world type. But there is a second remarkable propertyhere are essentially two ways to get a new contact. The first
shared by most real networks, namely, that they have # by the random event of meeting somebody, for instance, in
power-law-like fat tail distribution'see[3] for an excellent @ train or airplane. Humans refer to this kind of relation
recent survey about the whole subject creation often as fate. Second, there are contacts which are

There are many models that produce graphs with smagreated by the local rule “let me introduce you to one of my
diameter and power law distribution. If additionally local friends,” certainly a very common process in real life. This
search rules are incorporated one easily obtains high clusteiype of relation is well known in social sciences where it is
ing as well. But until recently it was widely believed that for called transitivity[7]. In the language of graphs this trans-
the small diameter property a certain amount of essentialljates to the formation of an edge between two verticesxsay
independent random edge formations was necessary, as &dy, which had distance 2 with respect to the underlying
classical random graphs. To obtain a scale-free distributiograph metric. We refer to this kind of edge formation as the
for the degree the basic conviction was that the random edgény friends are your friends” principléFFP. As already
formation should be biased according to the principle of “thementioned in the Introduction growing graphs which were
richer you are the richer you gef4] where richness is just partially built by using the FFP have already been described
measured by the degree of a vertex. Several aufiersl]  and analyzed if5]. In the following we want to describe a
have recently proposed models where iterated local edge fofrodel based on the iteration of this principle—the IFF
mation processes are explicitly built in. Some of them, likemodel.

[6], keep the number of nodes fixed as we do, but mostly

evolutionary graphs are considered. In all these models the || THE MODEL DESCRIPTION AND RESULTS

emergence of small world networks can be seen and further-

more the resulting graphs show a fat tail degree distribution. In detail, we want to discuss the following model of a
In [7] some mean field equations for an evolutionary versiorfime dependent random graph sp&geN, to) with N vertices

of the model in[6] are given, supporting the conjecture thatand an explicit integer parametgytuning the total number

an iterated local edge formation process provides a mech&f edges. We start with a circular chainifvertices with the
nism for scale-freeness as well. However, in all these modelgsual nearest neighbor edges, i.e., vertex 1 is connected to
a positive fraction of the edges is necessarily generated aerticesN and 2, vertex 2 is connected to vertices 1 and 3,
random(this is hard to avoid in evolutionary graphs since for and so on. We call this configuration a circle and refer to the
the first edge a new incoming vertex has to make, no neighcorresponding edges as fixed base edges. The random graph
bors or “friend” exist yet Since these randomly generated spaceG;(N,ty) will be defined through the following algo-
edges cause already a small diameter substructure we weiighm. In each of the firsty time steps, a vertex, say, is
motivated to study a model where no long ranging randonthosen randomly. From the set of neighbbkgx,t) of this
edges at all are formed. To illuminate the effect of local edgevertex (at the given timet) one element, say, is chosen
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FIG. 2. Asymptotic diameter of the circle systdoints con-
nected with lines calculated att/N=10" (to,/N=2) or t/N=4
X 10® (t,/N=4,t,/N=10), averaged over 100 realizations, with er-
ror bars.

shows a logarithmic dependence Nn Figure 2 shows the
asymptotic diameter for three different valuestgfN as a
______________________________ function of N. (The error is defined by the absolute differ-
5| ence between the value averaged over ten realizations and
(R ESENEEEET FETREEVETY FEFRERERET SEFER A that averaged over 100 realizations.
0 1000 2000 3000 4000 The asymptotic diameter is approximately proportional to
UN logN for t,/N>2, which is one of the characteristics of
small world graphs. In the cagg/N=2 an asymptotic re-
gime with still small diameter but large fluctuations starts
approximately at/N=10*. Note that this value is much big-
ger than the collapse time in the caséNl=4,10. It seems
thatty/N=2 is just the borderline where a collapse of the
diameter appears. This corresponds to the case where the
mean number of nonbase edges eqdilsor smaller values
of t, we found the diameter to stay of ordHity)N with an
almost linear functiorf (see Fig. 3.
0 1000 2000 3000 4000 This indicates an interesting phase transition in the total
YN number of edges reminiscent of the famous phase transition
in the size of the largest component in classical random
FIG. 1. Diameter ofj(N, to), d, versus time, averaged over 100 graph spaces lik&(N,M)—the space of all graphs witN

realizationsito/N= (a) 2, (b) 4, and(c) 10. vertices andM edges equipped with the uniform probability
measure.
randomly, and then another element, sayandomly from Figure 4 shows one realization of the time evolution of a

Ny (y,t)/\{x}—the neighbor set of at timet with the exclu- typical graph fromG,(N,to) with to/N=4 andN=10 It il-
sion of x. If there is no edge betweenandx a new one is lustrates how the diameter of the graph becomes very small
created between the two vertices, otherwise nothing happengnly by using the IFF principle. Before the asymptotic state
In the first case we say thathas created a FF edge zpor is reached an interesting symmetry breaking can be ob-
z was chosen by. After repeating, times the above proce- served: the appearance of a few components with long range
dure one continues fdr>t, in the same way with the addi- edges(taking the circle as a reference sysjeand hence
tional rule that whenever a vertex, sayhas created a new small diameter. The components themselves are only con-
FF edge an FF edge containings deleted randomly. Note nected via the circle skeleton. It takes a relative long time
that the total number of edges stays therefore constant famtil the components finally merge and the circle is filled
t>t, and the expected value is proportionalto uniformly with edges. The same phenomenon can be seen for
larger values ofN and differentty/N.
It is interesting to compare our model with a version of
A. The diameter the random graph spa¢N, M) where an underlying circle
The first surprising observation is the collapse of the di-iS added to keep the graph connected. To be precise let
ameter from const N to const< log N for sufficiently large ~ Gc(N,M) be the random graph space wheveedges are
t, to, and typical elements af,(N,t,). This happens despite randomly added to a circle graph witth vertices. Figure 5
the fact that only local edge formations were used. Figure Bhows the diametert,,q4omOf the average of a few samples
shows the diameter verstgor differentN andt,. Our simu-  of G,(N,M) as a function oM/N. Here the diameter clearly
lations indicate that in the casg/N=2 one gets an decays like(const<N)/M and reaches the ldg regime al-
asymptotic regime in which the diameter is very small andready for very small values df1/N (~0.05. Note that this
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FIG. 3. Transition in the circle system. Left axis: mean diameter FIG. 5. Diameterarandom of G.(N,M) versusM/N, averaged

d calculated at/N=10* for N=10® (triangles with error bars con-
nected by a solid ling andN=10* (boxes with error bars connected
by a dashed line Right axis: effective nonbase edgéé(ty)
(crosses versusty/N calculated at/N=10" for N=10*. Averaged
over 100 realizations.

value is much smaller than the threshold valieN ~ 0.5 for
the emergence of a giant componentG(N,M). Let us re-
mark that theG.(N,M) model is very close in spirit to the

over 100 realizations.

of a new edge. Although never explicitly included in the
model there is strong numerical eviderisee Fig. 7 that the
probability of a vertex to be chosen is proportional to its
degree. That is one of the basic assumptions in the Albert-
Barabasi model. A heuristic explanation for this property in
our model is given by the following argument based on two
independence assumptions. I{ and N, be the expected

original small world model of Watts and Strogatz. The mainvalues for the first and second neighborhood sizes. Assume
difference is with respect to the clustering coefficient sincethat the conditional expectation d(x) for x having degree

the underlying skeleton—the circle—has zero clustering cok equalsk(N;—1) and assume further that fare N,(x|d(x)
efficient. Replacing the standard circle with next neighbor=kK) the expected value o,(z) equalsN,. Clearly, with
connections by one where also next-next neighbor conne¢hese conditions one can easily compute the probability of a
tions are edges would give an essentially equivalent model teertexx with degreek to be chosen within the process of an

the Watts-Strogatz one.

edge formation; it is equal tdk(N;—1)/N](1/N,) and hence
is proportional tok.

B. Fat tail of the degree distribution a
Another unexpected property of our model is the fat tail 11
of the degree distribution. Figuregab and Gb) show the 107 =
degree distribution foN=10° and t,/N=4(10) at various g 102 -
times. g 10¢
Let us compare the degree distribution in the asymptotic & 10%
regime with those of the random gra@(N,M(t)), where 10% |-
M(tp) is the expectation of the number of edges in the IFF o
random graph spac€,(N,t;) [see Fig. 3 for a plot of 10 1
M(tp)/N]. The resulting degree distributions are shown in k
Figs. §a) and Gb) by big dashed lines. At the beginning
(that is fort~ty) the IFF model has essentialy the degree ] E — — T
distribution of G¢(N, M(ty)) but in the asymptotic regime the p
distributions differ drastically since the IFF model has a fat 102 B
tail. @ 10° |~
We want to close this section with a remark about the ;'f 10° |-
degree preferences if a vertgxvas chosen in the formation & 104
10% |-
a — 10°®
1

FIG. 6. Degree distribution using the circle systexw 10°: (a)
to/N=4, t/N=4 (circleg, 600 (boxes, and 4000(triangles; (b)
to/N=10,t/N=10 (circles, 600 (boxes, and 4000Q(triangles. The
big dashed line shows the degree distribution Gf{N,M(ty))

FIG. 4. Realization of a graph evolution using the circle baseM(4N)/N=2.0, M(10N)/N=4.4, all values averaged over 100

edge systemN=1C, t,/N=4, t/N= (a) 60, (b) 100, and(c) 140.

realizations.
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T T T T T T T 1 1 TABLE I. Mean value ofe™ of the circle system, calculated
8 ‘%‘: with N=10° and aftert steps, averaged over 100 realizations.
.8 - @ )
g | i to/N t/N @ @
mn_ﬁ 4 N 4 600 0.28+0.01 0.15+0.01
= LL o 7 4 4000 0.28+0.01 0.15+0.01
oL 1L 1 1 1 1 1 1 10 4000 0.30+0.01 0.16+0.01

i
5 10 15 20 25 30 35 40 45 50
k

FIG. 7. Probability of a vertex to be chosen versus its degreé"‘_nd y after removal of_the connecting edg_e. Defmg for a
using the circle base edge systehi=1CF, t,/N=4, andt/N=4  9iven graphG the quantityg”(G) as the fraction of pairs of
(circles, 600 (boxed, and 4000(triangles; the big dashed line Vertices with distance 1 whos#y distance is larger than
shows the constant probability (N, M); all values averaged over [for a given random graph spacelet ¢"(G) be the expec-

100 realizations. tation of ¢™]. In the case when the diameter of a random
graph space is small due to the presence of independently
C. Clustering properties generated edges the? value is usually very large since no
. ] ] short second-shortest paths between two vertices connected

A basic quantity to measure the local clustering around &y an independently generated edge exist. This remains also
vertexx is the number of triangle€;(x) containingx as a  trye for the Watts-Strogatz small world graph. In our model
vertex. Note that for classical random graph spaces the exye get by the very construction process a small valug'8f

pectation of this number is is of orddr®. We are interested  gimilar to the situation met in real networksee Table)L
in the averaged number of triangles in the asymptotic regime

of the IFF model. Figure 8 shows the mean number of tri-
anglesC; for all vertices with a fixed degree fd¥N=600 D. Replacing the circle by a torus
and 4000. The mean number of triangles per veftiese-
pendent of its degr@ds shown by the big symbols on the  Up to now, the system of base edges forms a circle. It is
figure frame. The plot for the two time values coincides prac-hatural to ask if one gets qualitatively the same results with a
tically. The number of triangles increases nearly linearly withtwo-dimensional system of base edges like a torus lattice.
the degreék. The reason for the fluctuations for highs the ~ This means that at the beginning the vertices are connected
low number of vertices with such high degrees. Figure 8as a torus or a lattice with periodic boundaries. The algo-
shows also the mean clustering coeffici€twhich is di-  rithm to generatéand defing Gi(N,ty) remains the same.
rectly connected to the mean number of triangles; namely, For the diameter one gets again an asymptotic regime
the clustering coefficienE,(x) of a vertexx with degreekis  with collapse up to logarithmic size but the asymptotic starts
given by the normalized triangle coefficien€gdx)/k(k-1).  earlier than in the “circle” case. Even fof/N=2 we get an
There is another interesting quantity, defined via the secasymptotic regime starting &N~ 200. Figure 9 shows the
ond shortest distance between two vertices, which characteasymptotic diameter in the case of a torus base for various
izes additional clustering properties. For pairs of vertices/alues oft, andN.

with a common edge let,(x,y) be the distance between There is another difference from the one-dimensional case
which can be seen in the realization shown in Fig. 10: the
0.6 graph evolution is more uniform with a two-dimensional
] base edge system than with a one-dimensional(compare
to Fig. 4.
04
& o 30 E|
02 25 £
20 F-
' o ° 15
10 B
k -
5 b
FIG. 8. Mean number of trianglé3; and mean clustering coef- | Ll s
ficient C. per vertex versus degréeN=1CP, to/N=4; the big sym- 01000 10000 100000
bols with error bars show the mean values of all vertices indepen- N
dent of their degree; all values averaged over 100 realizations; the
basic edges system forms a circle. Number of triangkfs axis): FIG. 9. Asymptotic diameter of the torus systépoints con-
t/N=600 (dashed line and plus sigr4000 (solid line and crogs nected with lines calculated att/N=4x 10%, averaged over 100
Clustering coefficienfright axig: t/N=600 (boxes, 4000(circles. realizations, with error bars.
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FIG. 10. (Color online Real-
ization using the torus systerd
=30, to/N=4. (a), (b) The edges
at different times are plotted. The
dots characterize the vertices, the
gray shade(color) of an edge
characterizes its length t/N= (a)

4, (b) 50. (c) The dots characterize
the vertices, the gray shadéml-
ors) characterize the length of

1<=3.0 1<=3.0 1<=3.0 the longest edge of the vertex;
6.0<1<=9.0 6.0<I<=9.0 - 6.0<I<=9.0 t/N=50.
9.0<l<=12.0 ----rev: 9.0<l<=12.0 ----rrve 9.0<l<=12.0 o
12.0<l<=15.0 --- --- 12.0<l<=15.0 --- --- 120<l<=150 o
15.0<l 15.0<cl —— 150<l o

We obtain qualitatively the same results as in the oneture of the IFF principle. Therefore, as can easily be seen, the
dimensional case with respect to the degree distribution andnly stable asymptotic configurations consist of components
the clustering properties foi=300° andt,/N=4 and 10. In  that are totally connectede., every vertex has an edge to all
the asymptotic regime one sees again a clear fat tail distriether vertices in the compongrsince no further changes in
bution. The distribution of the number of triangles and thesuch components can happen. But it is very likely that the
clustering coefficient foN=300" andt,/N=4 gives qualita- time scale until this phenomenon can be seen is huge com-
tively the same results as in the “circle” case, i.e., the distripared to the time scales we were studying.
butions are nearly equal fofN=600 and 400 and we have a  To compare with the classical random graph situation ob-
linear dependence of the number of triangles on the degree serve that the removal of the circle G(N, M) gives just the

modelG(N, M). The component distribution for this random
E. Removal of the base edge system graph space is well known. Especially fisk>N/2 there is

Finally we want to discuss the stability of the graphs inalways a giant component of siz&M) X N with K(M) be-

the asymptotic regime under removal of the circle edges of'9 an M-dependent constant. But in contrast to our model,

torus edges, i.e., &tN=1000, we remove the base edges and a

examine in what way the graph splits into connected compo- 18 .

nents and how these components evolve by continuing using 16 3

our algorithm. Figure 11 shows the number of connected 12 E

components with different size (number of verticesand 10 3

different diameterd for to/N=4 directly after deleting the © g B.. 3

base edges at/N=1000 for the “circle” and the “torus” 6 L -

cases. There is still one big component. The time evolution g uu.“"'“"““"'_z

of the biggest component can be seen in Fig. 12 which shows 0 :

its sizes and diameted versus time. An interesting result is 1000 2000 3000 4000

that the diameter of the biggest component is nearly constant N

for 1500<t/N<4000, nearly independent ¢&f/N and also

nearly independent of the use of a circle or a torus as the 100000"

base edge system. Let us note that without the skeleton there

can be no merging of different components by the very na- 80000 [—p -

60000 |- B =
a b " 0000 O %% By -
0 " Xxtser IlEG

no. of components no. of components +$g A XXXXXQ-;Q%EEEE

s 2 gt R Wi
o o’ A s 7 1000 2000 3000 4000

N

FIG. 12. Parameters of the biggest component after deleting the
basic edges(a) time dependence of its diameir (b) time depen-
dence of its sizes; circle, N=1CP, to,/N=4 (plus sign$, to/N=10
(crossey torus,N=30C, to/N=4 (circles, to,/N=10 (boxes. The

FIG. 11. Number of components with a given number of verti- symbols on the left vertical axes indicate the values of the param-
ces and diameter, after deleting the basic edyéé=1000,ty/N eters directly before deleting the basic edges; all values averaged
=4, one realization(a) circle, N=10; (b) torus,N=30C. over 100 realizations.
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the diameted of the biggest component depends eM) First, in our model the total number of edges is kept fixed
on M(t). after the buildup phase. Instead of that one could use proba-
bilistic rules which keep the number of edges only fixed in
IV. SUMMARY AND OUTLOOK the mean. This would match better real situations where the

; - «FF principle is of relevance.
We have presented a model where the iteration of the “my : -

friends are your friends” principle has produced random roSe_gong, ;Eelrnotfheeﬁl'té(ea;t ?go: dBt?(;aEgﬁls'gtea?g?&G% wih
graphs with small world propertiefogarithmic diameter, growing nu vert u ' '

high clustering and a fat tail distribution for the degree. The fshouldthapptenbherilintthe forlmtﬁf oljf:pri.ng_or a{reg}dy“exist-
model used a fixed regular graph of large diameter as a skel9 vertices 1o be able 1o apply he principie fo the new-

eton, reminiscent of a pregiven geographical structure Witﬁ:qmer?.thln_:hls f'tuatﬁﬂ |tlé:|(:)uld_ W.el: be the case tthat (-E]ven
pregiven neighborhood relations for vertex pairs. But in con-\évr']te?#] tﬁel ﬁ:a?v:/(())rr]koforrﬁs 'usl?[r:)n:::z e::l_ni\rlr?l?ér\/g; z)é Vésegc_
trast to the small world graphs by Watts and Strogatz, no 9 ! 9

random, global edge formation processes are involved to otf—ord'ng to the FF rule—small world graphs plus a fat tail for

tain small diameter. The high clustering is an immediate con-h? d?lgrtie ?'St.“blljt'(.)tn atl_re ofbta}:::able. -I:[?]'S néofdel vetl_rlant f's
sequence of the FF principle. The fat tail distribution is syr-actualy the typical situation for the growth and formation o

prising since no preferential choice mechanisms art;I‘he network of citations and collaborations.

contained in the graph generation algorithm. So far our in-

vestigations are entirely numerical and clearly a more theo- ACKNOWLEDGMENT

retical explanation of the observed phenomena is the desired
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There are several natural variants of the model which wéSpectral Analysis, Asymptotic Distributions, and Stochastic
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